
Equirariant algebra & ROLG)- graded cohomology
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DEF :Mackey frinctor1) A Mackey

functor is a contravariant functor

BGOP > Ab
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DEF (Mackey functor 2)

4
My : VG > Ab

M*: OGOP > Ab

①MX(X) = M*
(X)

② Given

x + > x

- M*

(g)Mx (f)
g g

W

i f < y

=

Mx(f"M*

(g'

③ For > XHY Y

MA (X) ④ MALY) = MA/XHy)



DEF (Mackey functor3 Axiomatic

def of Mackey
A function M : VG > Ab with

fructor

Ri : M(H) -> MIK Gabelian

↑ TR : M(K) < M(M)
KCH not abelian

G1K -> G/H kExHx
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Og : M(H) > M1gHg") , gEG

0 RA
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are identity for he H
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, HCKIJ
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EX (Mackey functor)

· constant E : RY id TY <IHIKI KEXHX-

· Tn(X) : GlH > TY(A)

· Burnside Mackey functorAG

AG1G/H) = 3 HSef fin , 13
+

RB :
restriction along K > H

TM : H <K -



· Representation RG

RG1G1H) = < fin-dim H-rep3
+

RM :
restriction along K > H

TM : I[H]XI[K] -

· cohomological Mackey fructor :

if ThRY : M1H) -> MIH) is x IHIKI

· constant

·

group cohomology HY1G ,
Mc

· Tate cohomology Fin (G
,
M

· G = Gal(L1K) , HIG

Let MGIGIM) = O
/H

· For a set S & G

MG1G1M) = MapSiGlH , 2[S]) = <[S]M

# q/X < P
A &

Y) : /X) -> M(y)

3 > (y + E
Permutation

gla =yY(p(a) Mackey functor
W

Mack G -

1
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Cibet
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In fact ,
the counit W-G-> id

"Tambara

is an isomorphism ,
so the embedding functor"

Neil Strickland
- G is fully faithful .

· Opposite Mackey functor :

BG < BGOP
M

> Ab

I switching the legs (



By Day Convolution , we endow Mack G Giving more

closed structures
wi a symmetric monoidal structure :

to a Mackey
the left Kan extension functor

* ④ IBGOP x BGOP > Ab x Ab > Ab
& 7

~
Baop

#

With unit AG ,

the Burnside Mackey

functor.

DEF (Green functor) commutative ① multiplicative
data on the

monoid obj in (Macka, 1
. Ag

target
DEF (Module over a Green functorR)

Mackey functorM with

associative , unital RXM -> M
.

Prop A Mackey functor is Green if

0 M(X) is a commutative ring
forXE UG

② Resi : MIGIK) >MIGIH

wakes M1G1H) a M1G1K) - module .

③ TrY :MIGIH) > M(G1K) is a map

of M1G1K) - module
.

i. . e.

Try (x) y = TrY(X . ResYlyx)

1 Frobersons / push-pull relations



DEF (Tamabra functor/TNR functor) ②multiplicative
data on the

Analogous to Span(t) ,
define

source

Cospancto) w) morphism

A > B ob : ob (tr)

↓L ↓ 2 1 -y mor : eq classes
I

A - > B
- >

of cospan
Tambara functor :

Cospan")Gsetfin , op < Ab .

Given G12 . GIKENG
. f : GIH > GIK

GIH
id

, GIH
id f-

-

G/M GlK

1 : OG < COspan1Ug) 'P < Ab

G/H f > GIK
id

-
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G/M GlK

N : OG < COspan1Ug) 'P <Ab

G/H
id

, G/H
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-

Gl K G M

T : 890 < COSpansUg) OP < Ab



Observations GIM
f > G1K 8 > G1]

0 NIfg) : Nif)Nig
&Cospan

I
GlK >GlI

E g
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= T(g)N(kR(g)

& Beck-Chevalley condition :

x
f- > x

-

g g N(g) T (f) = T If 'N(g'
is f < is

Therefore , a Tambara functor can also

be defined as three functors

T , W : OG -> Ab

R : WG P -> Ab

that satisfy the properties above.

EX For Semiring MEG .
define TG-

TG1G/f) = MH

Iq/X < PA -
> B &y) : I(X) -> I(y)

3 (y+E = y Ta =b Pla
W

1 -TamG
-

semiring G

IG

& fully faithful embedding)



RO1G) - graded cohomology

DEF (Representation ring)
Grothendieck completion of

finite-dimensional G-rep
[V] ④ [N] = [VOW]

[V] · [W] = [VQW]

Fix a G-universe U . define ROLG ; US

obj : finite dimensional G-rep that

embeds G-equivariantly into U

morph : HOMROCG : n) (V, Wi

:= 3 G-equivariant isometric

Bomorphism]
= 1 - pt Cpt

of V

f . g nomotopic if J . G : St -> Sw

homotopic.

Define EW
.

Ho IRO) G : U) x HoLGTop) ->

Ho IRO) G : U) x HOLGTopL
(V

, X) (VOW ,
SWNX)

DEF (ROLG) - graded cohomology)

E : Ho IRO) G : U) x HOLGTop) OP -> Ab

with suspension iomorphism

6W : EVIX) -> EVOW / IWX)

such that



① EVIXUG) = EVIX) xEVLY)

② Exact on cofiber sequence .

Gu
③ EVIX) >EVOW / IWX)

6W O ↓

v

↓- 1

EVOW'W'X) > EVOW', IWX)

given isometric isomorphism
2 : W ->W.

④ 60 = id , Grow = Groom

EX(Mackey functor valued cohomology)
Fix XE1G

,
VERO(G)

,
define EV(X) :

· EV(X)(G/M) =Er (G1HXX)

· For KCH , covering map

T : G1K xX > G1H x *

Ri :
restriction along it

Th : gysin homomorphism

EX) Equivariant Eilenberg - MacLane sp)

Given a Mackey fructor MEMack G

define HMESpG With

TM(HM) = 50
, KF0

AD
M (G1M) , K = 0

The ROCG) - cohomology given by M:

HUlX ; M) = [ X , JVHM] G



EX For EEspA , LePEGIX) : [X , SUNE] G

This is an ROIG) - graded

cohomology theory.

coefficient system Mack G

-q0b-> Ab Span
+ 18G)OP3 & b

Bredoncohomology ROLG)-graded
cohomology

Voob > Ab

&

--
Span VG

THM (May-Waner( i

. e. Bredon

The ordinary I-graded cohomology can be

extended to an RO1G) - graded cohomology
theoryiff its coefficient system extends

to a Mackey functor .



Brown's Representability then

DEF (compactness)
An objectX in a stable category to

is compact if

Home (X , #(i) = #Homer (X , yi)

I generating sets

A generating set in a triangulated
category to is closed under shift and

consists of objects that detect o
.

i. e.

X = 0 iff Home 12
, x) =0 OzECr

.

EX ualizable (G- Spectra in Ho(sp1G) ,Pare
a compact generating set.

THM For a compactly generated
(Brown triangulated category to

Weeman) : 2ob -> Ab w

& HI1Xi) = TH(Xi
& X -> y -> -> EX is sent to

a long exact sequence

Then H is representable .

Cor ROLG)-graded cohomology theories

& G



coefficient system > Bredon cohomology
↓ <=> i

y
-MackG - RO(G) - graded
Green G cohomology

>

- Brown (Neeman)
Equivariant ringop G Representability
Ellenberg - Machane ~

-

Sp
G

-

(Guillon-May)

~

spectral
Mackey functor

Rink : Spectral Mackey functor as -categorical
~

Heff ( C . C+ .
C+, "P > Sp

mision of
Mackey funct

j
Ct

- ↳
C ++-
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