
A

local homotopy theory

Refraces-
· Barthel-Beaudry,"Chromatic structures in
stable homotopy theory. "

· Ravenel,"Localizationwith respectto certain

penodie homology theores."

· Hern,"A mini-course on Morava Stabilizer

groups and their cohomology. "



Topology -> classify spaces up
to

homomorphee
Too HARD!

Homotopy -> ""homotopy equivalencetheory
kind ofstill too hard

↓
CW complexes

Co: weak equivalences (



Top 2W=subcategory ofweak

↓ homotopy equivalences

Top(W-'] smodel cats /o-cats)

Similarly, Sp =Spectra (W-]
↳ still hard for now a homology

-

-

E =Spectrum/honology theory tales
WE =5XY / Exf: ExX=ExY iso 3



ensAdams)Bousfee
7: LE: Sp-Sp with2:1dsp=> LE

such that

· (4x: X- LEX) =WE
·

-
X- L=X

Wet f----I?



1If E (orX) is not connective,

the LEX is not relatedto X by
"localizing the homotopy groups"

e.g. reLk5=Q/

(LaxS" also not connective (

D LE Sp not cocomplete

↳E doesn'tcommute with limits.



AustralLattere

· (E) :=equiv class under ENF E) LE =LF.

) (ExX =0 (=FxX =0).
· (E) (F) A (FxX =0 =ExX=0).
-> 1 dv descend to (-).

-> lattice DL &Boolean algebra BA
EX:
-

·(5%) (MC) (BP) > [Bp<n)) >[E(n)) >, (k(n))
· mn: (kins) & (k(ms) not comparable a 1 =(0)



Reall:M*BP =

Rcps [VisVes ... 7 mSBD(n), b(n)
· 4xBP(n) =BPx/(vn+1. ...)
· 4xk(n) =BPx/Cp,Vic ...,Un-is Untis---(
· E(n) =vBP(n) "Morava E-theory"
· k(n) =Vn"k(n) Morava K-theory
--

The-:(E(n) =(vBP) =E,(k(a))
-
-

Nal: KCns's are (ii) "atams"ofSp.



Alocal homotopy theory

Kecps =VECK =L,: =LEx) =Lxeps

In fact, (KU) =(KOL => L, =Lkop

"height 1 homotopy theory is topological K-theory
"

Th:(smash productthu) for p
=2 proofuses[ 2, x =x-L,so.ijeserans I

=>L, Spcomplete & L, commutes w/ colimits.



Cr:E =hanology theory (e.g. BP)I En L,X =XnL,E

ofapply s.p.T toX on
left& E a right. 1/

↳ let's us compute honology on L, SP

EA BRXQG =0, the

BPxX =v,1BPxX

-> But still need to know L,S"



(1)- local sphere

5.pt. -> L,50,5° =1, L,S"=L,So

us 1,So ring spectru

Th: P> 2. x(P) i
=0

-

&/cp) >
i =- 2

/pil,i =sp"(2p-2)-1, pXS
↑LS' = S

0 else

i =- L

-mage of4xSo detected by ExtBPXBP (BPX,BRX) in ANSS.



E.
X,2 *4/2 i =0

&/Tces i = - 2

Mil,So = [11/25, i =85-1, sF0

-12 ,
i
=8s, SFO

<12 A 412, i =8s +1S
0 3

3

else

4/2 i =85+2

x/8 i
=8s +3



Alocal homotopy theory

L,5o & LcSo related by a pullback square

L,5° =LES - LucS
I

↓ L
HQ= LES" -> LecosLCS

=>modulo rational homology, pick which one you

want towork with.



= E
-p I i

=
0, - 1

O C
i =- 2

↑ih,So, else

P =2. I2*4/2 i =0

:LkxS =
42 i =- 1

-

S8 3
i = - 2

x/is(s) i =85 - 1
,
iF - 1

MiL,So else



-mestabilize group

G, =i, =7p*
~ Adams operations in K-theory

· Even though Ravel did it already,
can also use (D-H) LkcS"= khkp
tocompute *LKS" va K-A.S.S.

· can also use a fetal



In:decompose LkcS" =k4YpY more.

-

ofthe strategy
① exact sequence ofXp"-modules

resolving up my apply Hou) -,Kx)
=>s.e.s. of"Morava modules"

② Realize above as a fiber sequence

ofK(K) - local Spectra.
↳ May not exist in gural, use understanding
ofK(r) to construct.



Example

Xp* = Mxp where

:M =(p - 1, kp
=2acXp/a =1(modp)3

:M =C2, 72
=(atkY(a =1(od4)]

=>LxcS" =(Khugh*p.
Ne Xp"top' gurator"(Adams operation (



fiber sequence

LacS-KhE KELIS
example ofa resolution ofhis

· compute nekhe using the homotopy
fixed port spectral sequence

· compute 4xLkcy So using knowledge of,

4xxl.e.s. ofhanotopy groups.//


