THE NILPOTENCE THEOREM

These expository notes sketch a proof of the following result from [1]:

Theorem 0.1 (Devinatz—Hopkins—Smith). Let R be a connective ring spectrum of finite type and
havuy @ Re = MULR the Hurewicz map. Given o € m R, if hyu(a) € MULR is 0 then « is
nilpotent.

1. INTRODUCTION

1.1. Periodic phenomena. For fixed primes p > 2 Adams constructed self-maps v; of the mod
p Moore spectrum:

»#=260 /p 2 S0 /p.
The map vy induces an isomorphism in K-theory, so any iterate v} is non-zero. In fact, one may

construct an infinite family in the homotopy group of spheres out of this:
§rer=2) _y wnCr2 g0 sy My 90/ s g1,

Varying n one gets the order p part of the image of the J-homomorphism. The picture below
illustrates the case p = 3.

This can be extended for example to the Smith-Toda complex V(1) := cofib(v;) for p > 5, which
admits vy-self maps L2P* DV (1) 2 V/(1). The effect of this map is no longer an isomorphism on
K-theory: one must detect it using something other spectrum.

The nilpotence theorem says that MU is a spectrum that detects all periodicity phenomena: the
kernel of the Hurewicz image filters out only nilpotent elements.

1.2. Versions of nilpotence. A predecessor to the nilpotence theorem is the following result of
Nishida, a special case of the general nilpotence theorem:

Theorem 1.1 (Nishida). Fvery element of m.(S°) for x > 0 is nilpotent.

One may regard the multiplication in ,(SY) either as coming from the ring structure, the
composition of self-maps or smash products. In turn there are three possible generalizations:
(1) For R a ring spectrum, a map S™ — R is nilpotent if " =0 € 7, R for n > 0.
(2) A self-map f: X2X — X is nilpotent if ™ is null for n > 0.
(3) Amap f: F — X where F is finite is nilpotent if f®" : F®" — X®" is null for n > 0.

It turns out that MU detects all three forms of nilpotence and they all follow from Theorem 0.1.
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2 THE NILPOTENCE THEOREM
1.3. Relation to other results. We have (MU) = P (BP). Furthermore, by a result of Ravenel,
(BP) = (K(1)) @ --- & (K(n)) @ (BP(n + 1)).

As a corollary, one gets the following more refined version of the nilpotence theorem using Morava
K-theories:

Theorem 1.2 (Hopkins-Smith). (1) Let R be a p-local ring spectrum. An element a € m. R
is nilpotent if and only if K(n).« is nilpotent for all 0 < n < co.
(2) A self-map f : XFF — F of the p-localization of a finite spectrum is nilpotent if and only
if K(n).f is nilpotent for all 0 < n < oo.
(8) A map f: F — X from a finite spectrum to a p-local spectrum is smash nilpotent if and
only if K(n).f =0 for all 0 < n < oco.

From there the thick subcategory theorem and the periodicity theorem follow. In fact the thick

subcategory theorem turns out to be equivalent to the nilpotence theorem.

2. OVERVIEW OF THE PROOF

First we record a lemma which is useful throughout.

Lemma 2.1. For E a ring spectrum, the Hurewicz image of a € m,(R) in E,,(R) is nilpotent if
and only if E @ a 'R ~ x. Here o 'R is the colimit

RL Y ™RE YRS ...
Remark 2.2. This boils down to the fact that multiplication by « for the R-module structure on

E ® R is the same as multiplication by the Hurewicz image of a for the ring structure on £ ® R.
Notice that it breaks down if E' is not a ring spectrum.

The lemma implies that we would be done if (MU) = (S%). This is not true! See Remark 2.8
below.
We give a sketch of the proof, following Devinatz—Hopkins—Smith:

(1) Filter hyy : S — MU by intermediate spaces denoted X (n) as
S%=X(1) = X(2) = -+ — X(00) = MU.
Here X (n) denotes the Thom spectrum
X(n) := Th(QSU(n) — QSU ~ BU)

where the second map is obtained from Bott periodicity (the only difference in SU and
U~SUx Stisinm).
Algebraically:

H*(MU) = Z[bl7 bg, .. .], H*(X(TL)) = Z[bl, bg, ey bnfl]
where |b;| = 2n.

Remark 2.3. The X(n)’s are in fact Es-ring spectra.
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Work p-locally for each prime p. Filter the maps X (n), — X (n + 1), further by certain
spectra Gj:
X(n)y=Gy— G = = G = X(n+1),.

To define G; we first set By, as the homotopy pullback
By, — QSU(n+ 1)

| |

Jks2n c QS2”+1

Here J;,5?" is the kth stage of the James construction on S?* (Appendix A), and the right

vertical map comes from the fibration
SU(n) — SU(n + 1) = S2+,
Now let Fj be the Thom spectrum of By — QSU(n + 1) — BU and
Gj = (Fy-1)p-
Notice that By ~ fib(QSU(n + 1) — QS* 1) ~ QSU(n), and Gy ~ X (n),. We will omit

the lower script p from now on.

Algebraically,
H,(F}) 22 Z]by, by, ..., by 1]{1,b,, 02, ..., b5}

as a module over H, (X (n)) = Z[by, by, ..., by1].

To execute the proof, first pass from X (c0) to some X (n). Since colim, X (n) ~ MU, we
obtain from hyu(a) = 0 that hx(,)(a) = 0 for n > 0. This reduces the nilpotence theorem
to the following (backward) inductive claim:

Theorem 2.4. If hxi1y(a) =0 then hxm) (o) is nilpotent.
Now we pass from G, to some finite G ;.
Theorem 2.5 (“Step II”). If hx(mi1)(@) is nilpotent, then G; @ o' R ~ x for some j > 0.

Remark 2.6. There is no ring structure on G, so one cannot apply Lemma 2.1. It is
true that the Hurewicz image of a is 0 in G; for j > 0, but this does not imply that
G;®@a 'R~ x

Finally, we need the following key result of the entire proof
Theorem 2.7 (“Step III"). (G;1) = (Gj).

Together with Step I, it implies that Go®@ a 'R = X (n), @ a 'R ~ %, i.e., hx)(a) = 0.
By induction, hy () = 0, i.e., m(a) = 0 after p-localizing for any p. This completes the
proof.

Remark 2.8. It turns out that (X (p" —1),) > (X(p"),), even though in the intermediate
steps we do have (X (n),) = (G,) for all j!



4 THE NILPOTENCE THEOREM
3. PROOF SKETCH FOR STEP II

Below we sketch a proof of the following:
Theorem 3.1. If hx(n41)() is nilpotent, then G; ® a 'R ~ * for some j > 0.

Without loss of generality replace a by a power o™ so we may assume hy(,41)(a) = 0. This
means the representing element & € E‘;’Ser in the X (n + 1)-based Adams spectral sequence has
non-zero slope s/d. Now show that
Lemma 3.2. Ey'(G;) and ES'(R® G;) has a vanishing line with slope

1
2pin —1°
Assuming the lemma, choose j large enough so that

1

s
- .
d 2pn—1

For any 3 € Ey'(R® G;), we have that 34" = 0 if n > 0. But this means E'(a 'R ® G;) = 0.
We conclude that

m(a 'TR® G;) = 0.

There are different methods to establish Lemma 3.1. In [4] this is accomplished by finding a
specific X (n + 1)-Adams resolution for the spectra G; and R ® G; whose kth associated graded is
(2p’n — 1)s-connected. An algebraic approach is taken in [1].

Remark 3.3. This part is where we need the assumption on connectivity of R (which turns out

to be redundant).

4. PROOF SKETCH FOR STEP III
Below we sketch a proof of the following:
Theorem 4.1. (G;) = (Gj1).
4.1. The self-map b. As we will see, this eventually boils down to constructing a self-map
b: Zanj+1_2Gj — G

and showing that it is nilpotent. We now skecth the construction of b. Take p = 5 for illustration
purposes.
Recall that G; = F);_ and

H.(Fy) =2 Z[by, by, ... by 1]{1,b,, 02, ... b5,
We start from the cofiber sequence

G] — Gj+1 — Ean] F(p—l)pj—l'
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Represent G; as a cell. The above cofiber sequence can be illustrated as follows:

2n(p — 1)p’ . .
. .
. .
2np’ ° °
0 ) °
G; Gjt 52 Fp-1ypi—1

Now consider the composition

Gy = S Fy 1 — S Gl

p—1

illustrated by

2npi T .
2n(p — 1)p/ . . .
. . .
. . .
2np’ ° ° °
0 .
G 22 Flp1ypi-1 S Gy

Define K := cofib(r). The spectrum X 'K has two “G; cells”, one in “dimension 0” and the

other in “dimension 2np’*!t — 17.

Definition 4.2. Define the map b : EanjH*QGj — G as the “attaching map” of the top cell of
Y 1K. Namely, it fits into a cofiber sequence

w2 b g K.
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The following is immediate for dimension reasons:
Proposition 4.3. (HF,).(b) = 0.

4.2. Bousfield classes. Recall the following result regarding Bousfield classes ([4, Proposition
7.2.6)):

Proposition 4.4. (1) If X Y — Z is a cofiber sequence then (Z) < (X) @& (Y)
(2) If "X 5Hx o C} is a cofiber sequence then (X) = (Cy) & (f1X).
Applying this proposition gives
(1) There is a cofiber sequence G, — »2np’ Gj+1 — K. Therefore,
(K) < (Gj1).
(2) There is a cofiber sequence X2 "' 2@, RN G; — Y 7'K. Therefore,
(Gj) = (b"'G)) & (K)
(3) There’s a filtration
Gj=Fy_ 1= Foyig == Fyn_ =G
where all the successive cofibers are suspensions of G;. Therefore,
(Gj) = (Gjt).
We conclude that
(Gj) < (G)) < (Gjaa) B (b7'GY).

It now suffices to show b~ 'G; ~ *. The proof of Theorem 4.1 thus reduces to the following claim:
Theorem 4.5. The map b: X" "' G; — G; is nilpotent.

4.3. Nilpotence of b. We will demonstrate nilpotence of b factoring it through Brown-Gitler
spectra. The argument resembles Nishida’s proof of Theorem 1.1, see [4, §9.6].
Recall that G; is the Thom space of B,;_, which is a pullback

By_i — QSU(n+1)

| |

J j7152n N Qs2n+1

p

It turns out (Theorem A.3) that this can be extended to two fiber sequences

0252w+l B ——— QSU(n + 1) —— QS2w'+!

! !

QQSanJ' +1 Jpj_152n y (),92nt1 H QS2np7+1

There is a “group action” that renders B,;_; as a “homogeneous space”:

2 o2np’+1
QS?Lp-‘r XBpj_1—>Bpj_1.
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Passing to Thom spectra one gets a map

o DR8P @ G G
Recall the Snaith splitting (Theorem B.3 with m = np’)

2ioQ252npj+1 ~ (SO D S2npj—1) ® @ El|b|Dl
i>0
such that there are maps ¢ : D; — D, 1 with colimit HF), (see §B.2).
The following result is the key to the proof.

Proposition 4.6. The map b factorizes as

Zi\b\Di ® Gj EioQ282npj+1 ® Gj

| L

Ei‘blGj v > Gj

From this we obtain a diagram

Gj—>D1®Gj—>D2®Gj—>

L
G; = nhlg, s w2, —— .
Taking colimits, this gives a factorization of G; — b™'G; as
G; — HF, ® G; — b 'G,;
Inverting b in the above, one sees that idy-1g, factors as
b 'G; - HF, @b 'G; — b G},
but the middle map is trivial since HF,(b) = 0 (Proposition 4.3). This means b~'G; ~ x as desired.

APPENDIX A. THE JAMES-HOPF MAP

The James construction on a pointed space X is given by
IX =[x/~
>0
where
(1, o @y %, Tty oy ) ~ (T2, T, Tty - oy ).
In modern language, JX is an explicit model of the free E;-algebra on X.
The kth stage of the James construction on X is its k-skeleton

Te(X) =[] X7/~
k>i>0
Theorem A.1. We have
JX ~OXX, 2JX ~ \/ DX

i>0
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The projection XJX — X" corresponds, by adjunction, to the James—Hopf map:
Jx &L gxt
Remark A.2. (1) This is not a map of E;-algebras in general.
(2) This map is related to the Hopf invariant: take X = S™ and ¢ = 2. The map reads
an-‘rl £> 952n+1
which upon taking my,(—) gives the Hopf invariant

Ton+1 (Sn+1) N Tont1 (52n+1) ~ 7

Specializing to the case where X is a sphere, one gets an explicit description of the fiber:
Theorem A.3. We have a 2-local fiber sequence
R L K
and a p-local fiber sequence for p > 2
Jp 182 — g g2 Iy jg2w,
APPENDIX B. THE SPECTRUM X(252mH!

Here we record some facts about Q25?1 the free Eo-algebra on S*™~'. Most of the content

here are contained in [4, §9.4].

B.1. Snaith splitting. We describe an explicit description of the splitting of Q2S*™*! after sta-
bilization.

Proposition B.1. For any m > 0,
H. (%S Fy) = P21, Tam—1, Tem-1, - - - )-
For any m > 0 and any p > 2,
H, (Q25%m+, F,) = E(Tom—1, T2pm—1, Top2m—1, - - - ) @ P(Yopm—2, Yap2m—2, - . )-
Here subscripts indicates the dimension of generators.
We assign a weight to each generator:
|Zapim—1] = |Yapim—a| = D"
Theorem B.2 (Snaith). There is a decomposition
SO’ ~ (B D,

i>0
with Hy(Dyy i3 Fpy) C Ho(Q2S*™ L1 F,) being the part spanned by monomials of weight i.
In particular, D,,; >~ * unless ¢ = 0,1 mod p. Furthermore, we have the following facts:

(1) Dm,O ~ SO.
(2) Dm,l ~ SQmil.
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(3> Dm,pi+1 =~ 22mile,pz’
(4) Dypypi >~ »2(em=1 D). where the D,’s are Brown—Gitler spectra independent of m.
(5) Dy ~ S° and Dy ~ S%/p.

The above splitting can thus be reformulated as follows.

Theorem B.3. There is a decomposition
Ef9282m+1 ~ (SO D SQm—l) ® @ ZQi(pm—l)Di
i>0

B.2. Construction of /. The map p : Q2S*m*! x O282m+1 5 O2G52m+1 gtabilizes to give multi-
plications

Dm,i & Dm,j — Dm,iJrj'
In particular, one gets a map

E:Di—>D1®Di—>Di+1.

The effect of this on homology is multiplicaiton by ¥yopm,—2. Thus,

H, (colim ¢(D;)) C ygpm_oHi(BFQ2 G271

can be identified with the weight 0 part of the right hand side. This is isomorphic to HF, HF, as
a right A-module, so we have
colim ((D;) ~ HF,,.
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