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PROVING BOTT PERIODICITYFOR

HOMOTOPYTHEORISTS

-
IFFERENCES:

· Afryah-Singer," Indextheory
for skew-adjout

Fredholm operators.
"

· McDuff, "Configuration spaces"

*
· Behrus, "Anew proofofBott

periodicily" & its endur



colim O(r) == 0 =r(20k0)
2

coliU(r) =.u =h(t-ku)n

(Colin Iso(HIV) =iSp =h(zVkSp))
#oven:(Bott, 1958) This fill theorem

· πk(u) =k +

2(u)
is "Boffperodicity"

· r(0) =k+4)Sp)[ 3 ⑭h(0) =Nu+8(0).· πr(Sp) =πk+4(0)
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Note: πu(t-PX) =k +
e(X)

=>can rephrase in termsofloop spaces.

I
Bproof:Spaces

·periodicity i ofanimal geodesare· 0 =180
& Morse theory.

O & C are
defect in thesame wayNoteover differentfolds is & D. Smilly

for KOd KU. => Look for proofs
in

this spiritthatworkover I simultaneously.
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*ah-Bolt-Shapira (1963), clifford algebra
①

MS =7 Sirup's of13 - Mm-1

MY(n
1=πh(k0)

=

k
- ,(0)

= πh(ku)
=

πb - ,(u)

E0: · No =1R or $

· KO / KU =vecterbundles

sight: Dn is the higher degree onolog
Look for proofof

ofthe ground fell. Bottperiodicity in these

terms.



Realize above goal.Asah-Singer(1969) n/help from analysis.

v I w =>"Amursion there"

dimV =rankT +wollity T
11

din-dim KokeT

diW =d(buT) - dmCoT)
-

"K-theory" Index
↓ ↓/

funk du's inful du's too

IfTis redholms.



families of &/13

virtual bunelles - Fredholm operators

degree so- I replace 1/4.
-

-

2m = universal (AlbertDen-module

Fredspace ofskew-adjont
Crnear Freeholm operators

↓ an (tn". ( modula
some

(technical details

represents KOY/KL* -> where the analyses hee.

producity
modicity:Dn PnIg => ofmodules.
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#Duff (1975)

F- E long exactfibration
↓P

=>
sequence of

hanotopy groups.

Actually, sufficient for p tobea gration

i =sunjective & Px:π. (E,Fx,X) =>π.(X,x),Vi
=> contractible
F- quasi) long exactsequence

& 5-Lune

↓b 11 1

2x- PX- X F=2X



Hi
m General method for showing one space

is a loopspace ofanother.
-
-

↑ef'ssketch ofthe complex case

①We already have le-Ele-Ble

=>u =2Bu
=r(Bu +k).

② Want Bux - quasit

Hidea:use the Atryah-Singer idea

but replace "Hilbert"may colon (finitedom")
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=>contact w/ is easer, & hides the work

12 verifying he qualifibproperty.

ECK) =shew-adjoint natures of agevalues ((0.1].

↓ expck) ~> show Ble x is the

uck) fiber ofcolim (exp(k)

↳ ara logous to the proofthatRS'=
④-
a

Butwe wantto handle real & complex

cases with the same method.

McDoffsuggests that thus can be done using

he AtychSinger idea, but she does't pursue
thus
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hres (2002 - 2004 (
&

( &Ha. willuseonly1-rotateone
①Defue X(r) & ECr) (ola Atyalsing
② E(r) IsX(r) qualibratin

Dold-Than for

③ f,b(p) =X(n +1) detecting quasifb's

Wr)) do He

④E(r) contractible constructures &

show

⑤ X(n+8) =X(n)3 trivial I these⑥ X(1) =0/u



·fuitions ⑭3

W has 4,)
& On, actsLetW be a CORmodule. ( &by sometres

Cn-extensions
X(m,W) ·. = [ ofW 3 <0(W)

rotation ent

Letus be ateCOn-universe fith)

X(n): =Cohn X(n,W)
On-linear

skew-adjout AS 3Give WCU, E(n,w) i = awalewasinten

# (n) : =coNmECn,W). G p(N)
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E(u,W) X(,w)

A-exp(t)enexp(1)
- 1

P: =con(Pw):E(u)- X(n).
⑨
>

Teasyparts

④ by definition (convex vectorspace)

⑤ On iita Cn +8
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⑥ X (1,w) =extusions ofa

1- we productC-module W to
space

a c-module
↑

Diver productspace

i.e.

X(z) =fb(Bx - 10)
=-cofb (BU-B0)
=rB(0(u)
= 0/. I


