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Top category ofspaces thatadmit

a finiteCW structure.

ToPx = catofbased spaces - Top

Top =cat. ofpairs (X,A) in top.

-

malizedcohomology theory
· fuctor Top-> Abz <a-graded

· a natural transformation ofdegree + 1

5.E(1,p) - E-
+

(X,A)

satisfyny
· chomotopy) f.,fz:(X.A) - (Y, B)

homotopic => Ev(f) =E.(fz)

· (exactness) (X,A) -> Top
2 => L.E.S.

... - Eu(X,A)- Ev(X,0) - EY(A,0)f,En
+1(X,A) - ...

· (excision) (X, A) CTop", IChtA

=>E(i):E(X,A) E(X-u,A-u)

· Cadditnty) EM(Xi, Ai) - 1EV(XiAi)
-
->



#atual
· E.(X) =E(X,0)

· E(X) =E.(X,pz)
--

-

For any cohomology theory we have

· Mayer - Vectors sequences, &

· susanisomorphism:

Ey(X) =En
+

1)2X)

=>knowing EU determines Eb Vbzn.

1.2.
Eh(x) =Ev(z1

-kX)
->
-

Bown: EM(X) = (X, Bn]

susp => Er(X) =En
+

1)z X (

=(EX,Br+1
=[X,2Bn +1]

~

=E repel by SBrYnez, with BuFeBrt
&



singular cohonology:1"->

#theory:vector bundles V-X

can have differentranks on differentcomponents

-

Vect(X) =Ec-vectorbands on X3/isomorphum

↳ Morad under
directsum ⑦

K(X). =LVect(x) /vtw-vaw

=S(v] - [w] / v,weVect(x)3
istrimal

bundle ofmonk i

=S(V) - n/ VeVect(X), mEXs,o3
-

this representation is notunique!

PetVeVen(X) rndribleL
even with irredcould have [V] +1=(w] +m.

#et:V,WE Veet(x) are sequivalent[ If7nt7>0S.t. VANE WAN.
vkw => [v] =(w] fk(X).



The

k(X) =S(v) +1/Vstableeari classandsee 3
no

This representation I onique

=Bux x4

-
-

Recall:rank a vectorbundles are represeted by
the Grassmannae Grn) DO)=colmGrn(*)

!

Veetn (x) =[X, Beecrc]

BU(n) BUCnm) induced by m

=>BU =
=colm BU(n)

↑ this procedure corresponds to

irred" & stability above

=>[X,BU] =S stable equin
classes ofirred. v.b. s3

=>k(X) =[X,Bu x7] => Buxπ

represents K.

to geta cohomology theory,

=>k
- r(X) =(X,zV(Bu +x)]



·seve: BI is a classifying space for

u =anu(n) => u =hBu =r(Bux7).

#m:(Bottperodicity[ lu =Bu xx

=> thesequence [-(B1 x*)3 ns0is2-penodic!

=>extend the defunction ofKo" to nso.

Det: X-Top, ntK.

k"(X) =(X, BuxI], even[ 3 [X, 2], n odd

=No terms ofvector bundles & suspension

L· f(x) =ke(k(X) - ((pt) =x
NVJ-[W] <> ranKV-renkW

=

S[V]-rankV / vstb ed3

=[X, BU].



· k(x,y) =k(X(y)()k(x) =k(x,yt))
uttry X/G =XH9x3 => k(x) =k(x,0)

· ku(X,Y) = k(X,Y), ever

(k(z(X()) code
=>Nn -7:ku(X,Y) =ku

+

3(X,y).

&:K is a cohonology theory[
eress: 47 X- () - 24 zX -...

I, B] => exactsequence

...
- ku

+

(X) - ku
+

(Y) - ku(x,y) - ku(X)-...
-->

-

#motiplicativestructure

K(X) chartsa rug
structurefrom

thesemiring (eef (X),0,0)



Inother isfuser productinduces

k(X)a((y) - k(x +y)

E(X)0k(Y) - R(X-y)
more qually,
k(X,X0(@K(Y,Y0) -> k(xxY,X0xY( XxY).

using

zm(x(X0) - zv(Y(Y.) =zm
+

1)XxY(X.xy- xxy.)

=>k
-

V(Y,Y0) x k
-

m(X,X0)- r
- (+1))XxY,Xoxi- xxy)

#POTK-(X) is a graded commoture rg[
m>0

· A K(X,Y) is a graded module over CKY(X)

↳
mostofthis is repetituredescribe

Bott

periodicity in tune oftherug structure to

make these ruge/modules smaller.



#Bott class

Recall:Thespace K(T,2) repressing
x,n=2H"(-;) is determined by inK(x,2) = 20, else

⑭n(u(x) =in(s) =

4.ia3
=>n(BUCK) =Mh(k(k,2)) Vm

=>R1PP =Bu() =k(k,2)

=>Vectr(X) -H-(X;7)

the chernclass.
H"(S2;1) =7 => y-Vetz(x)

withC,x =1
-

Thm; Letp =(n] - 1cπ(S2) =k
-

jpt) .
-1 B.(- ):k -

V(X,X0)1k-
y3(X,X0)

Is an isomorphism.

=>.0k
-

u(X0) =2[p] a rugs.



=>We can defreK*(X,Y) =k(X,Y) *k'(x,y)

which is a 1/2-graded module over

the Ele-graded ring (*(x)
=k((X) &K(X).

=> exact sequence

|*(y)- k *(X,y)

↑ ↓
k
=

(X)

or

nk'(x,y) - k'(x)-
ki(y)k((Y)

↑
k.(x) - k.(x,y)

↓

&

EX:k*((r) = 9
& X =nmad I

O, else

=1
*

(Sv;z)



&platonbetween K
*

& H
*

⑭cassesofa Nectar bundle

H*(Bu(n);1) =1[a (, , . . . ], l(u) =2b.

Give a v.b. X-Bu(u)

defre CV =v*Ck 7 H24(X;7)

total che class:c =

Ecr

=> c(EGE) =c(E)c(E).

sprinciple:Any v.b. can by pulled back

[
toa sum ofline bunelles => knowny cis enough.

character
ch:Vect(X) -> H*(X;a)
-Li zep(hi)

& extendby naturality.

=>ch.k(x) - H*(X;a)



In facts can extuelto natural

ch.k*(X,Y) - H*(x,y;a)

presume
the1/2-gaduy.

--Thm.ch.k*(X)0aH *

(X;G)I (2) If K*(X) has no torsial, ten

ch:k*(X) -> H*(X; a) is injective.

=>Themain difference bun k*&H
*

concerns forsian, torsion is where thedifficultyof

-

I algebrace topology les anyway (
-

How to prove the thm?

↳ah-Hirzebruchspectral sequence.

LetX =fitesimplical<px=> X =0xP
=>filtration k,(X) =kv(ku(X)- kv(X-

-1))

[hm:Ispectral sequence SEO - GpKP*9(x)
with E

4,a
=HP(X;ka(x0)



Note:K*(X0) =0 for godd
=>only getnonzer

rows at even heights.

#x:Xz onntable surface ofgenus g.

#22 & -29

o 0=
ZeroS => a rashes => k((z9)

=7

k((z2) =129.
-

-

EX:H*(R1P",1) =7GX(ze...Gk/2
-

even dim's.

Vert(R1)
=H*(R,p-V) =1/2

1-1
=>(2]-1GQ(RAFV)

Can show 2(23 - 1) =0

=> E*(Rp) =F*(R1P32;1)


